In this paper we develop single-Newton iterative schemes for the solution of the stage equations of some implicit Runge-Kutta methods such as Gauss, Radau IIA and Lobatto IIIA with four implicit stages. We also compare the implementation cost of these schemes with Simplified Newton iteration and we present some numerical experiments on some well known stiff test problems to show that the proposed iterations are reliable and efficient.
Introduction
We consider the numerical solution of stiff initial value problems for a system of ordinary differential equations
where the derivative function f (t, y) is supposed to be sufficiently smooth so that (1.1) has a unique solution y(t).
Implicit Runge-Kutta methods of s stages require, to advance from (t n , y n ) a step of size h, the solution of an implicit set of ms equations of the form T are coefficients of the Runge-Kutta method (as usual, we consider c = Ae). For notation purposes we denote throughout the paper by I the identity matrix, and its dimension should be read from the context, so when it appears on the left side of a Kronecker product its dimension will be s (the number of stages of the Runge-Kutta method) and when it appears on the right side its dimension will be m (the dimension of the initial value problem).
Some implicit methods such as Radau IIA, Gauss or Lobatto IIIA possess excellent stability and convergence properties for stiff problems (see [7] , [3] , [11] ). However, the computational cost involved in the solution of (1.2) has limited seriously their practical use. Between the codes based on fully implicit Runge-Kutta methods we can mention RADAU5 (see Hairer & Wanner [11] , ch. IV.8, pp. 118-127) that uses the 3 stages Radau IIA formula of order 5.
When an implicit Runge-Kutta method is applied to stiff differential systems, the stage equations (1.2) are usually solved by Newton type iterations. A possible approach is to use the Simplified Newton scheme given by,
, ν = 0, 1, . . . , (1.4) where the residual mapping D(Y ) is defined by,
D(Y ) := −Y + e ⊗ y n + h(A ⊗ I)F (Y )
and J is an approximation to the Jacobian matrix ∂f /∂y(t, y) at some intermediate point, usually the previous point (t n , y n ). The main drawback of (1.4) is that it needs, at each integration step (or every few integration steps) the LU factorization of the ms × ms matrix (I ⊗ I − h(A ⊗ J)), whose cost as a function of the number of stages s varies as s 3 . In order to reduce the cost in the solution of (1.4), Hairer and Wanner, in their code RADAU5, employ a similarity transformation proposed by Butcher in [2] and Bickart in [1] such that the LU factorization of the ms × ms matrix (s = 3 in this particular case) is replaced by the factorization of two matrices of dimension m, one of them with complex values, and then the LU cost reduces by a factor of 5 approximately.
Another kind of iterative scheme for solving (1.2) which has received considerable attention lately (see [5] , [6] , [9] , [10] Efficient Single-Newton schemes for Gauss, Radau IIA and Lobatto IIIA methods with 2 and 3 implicit stages have been developed in [5] , [9] , [10] and also a Single-Newton scheme for the four-stage Gauss RK method has been obtained in [5] . These schemes, compared to the Simplified Newton, present the advantage that they need only one LU factorization of size m. However, as has been shown in [4] , the Simplified Newton iterative scheme has better convergence properties than Single-Newton schemes when the step-size tends to zero.
The aim of this paper is to gain insight of the behaviour of Single-Newton schemes as a practical alternative to Simplified Newton iteration when applied to fully implicit Runge-Kutta methods such as Gauss, Radau IA-IIA, Lobatto IIIA-B-C. Note that the iteration (1.5) is algebraically equivalent to , which has several advantages as indicated in [9] , gives the Single-Newton scheme, These equations can be seen as an approximation to (1.4) where the matrix A has been replaced by a matrix T , with a unique eigenvalue τ > 0. It is clear that when the number of stages increases, the "distance" between A and T also increases, since the matrix A for the implicit Runge-Kutta methods under consideration possesses a multi-point spectrum with pairs of conjugate complex eigenvalues (all distinct between them), and at most one real eigenvalue.
(I ⊗ I − h(T ⊗ J))(Y
(
Consequently, the speed of convergence of Single-Newton schemes can reduce when the number of stages is increased.
Our aim is to develop efficient Single-Newton schemes for Runge-Kutta methods with four practical implicit stages and compare them, from a practical point of view, with Simplified Newton. In particular we are interested in this kind of scheme for the eighth order Gauss and the seventh order Radau IIA formula, both having 4 stages, and also for the eight order Lobatto IIIA method. In this case the method has five stages but since the first of them is explicit, the iterative scheme can be developed with the same techniques as for the other two methods. Recall that high order methods are usually more efficient than lower order methods when they are required to integrate problems with small error tolerances. Thus it is essential to minimize the computational cost of iterative schemes for solving the nonlinear stage equations.
There is not much practical experience with high order implicit Runge-Kutta methods that let us know when the high order of convergence will compensate the high computational cost they require compared to methods of lower order. We can mention that Hairer and Wanner [12] recently have presented a variable order code based on Radau IIA methods of orders 5, 9 and 13. Here, we also intend to compare the behaviour of Radau IIA methods of orders 5 and 7, using Single-Newton schemes to solve the stage equations (1.2).
Finally, the paper is organized as follows: In Section 2 we study the implementation cost of Simplified Newton and Single-Newton schemes, showing that Single-Newton is in general the cheapest. In Section 3, following the ideas in [9] we obtain efficient Single-Newton schemes for the 4-stage Gauss of order 8, the 4-stage Radau IIA of order 7 and the 5-stage Lobatto IIIA of order 8. In Section 4 some numerical experiments comparing the efficiency of the new iterative schemes and the simplified Newton iteration are presented.
Implementation cost of Simplified-Newton and Single-Newton schemes
Consider a four-stage implicit Runge-Kutta method with a nonsingular matrix A and suppose that (1.2) is solved by means of a Simplified Newton scheme (1.4) . In order to reduce the computational cost, we will consider a technique similar to the one used by Hairer & Wanner in their code RADAU5 [11] . Hence, if Q is a regular real matrix that transforms A 
For Gauss and Radau IIA methods, matrix A has two pairs of complex conjugate eigenvalues and Λ has the form Λ = diag(Λ 1 , Λ 2 ) with
For the Lobatto IIIA method with five stages, the matrix A has one eigenvalue zero and two pairs of complex conjugate eigenvalues that are the same as the corresponding ones of the four stages Gauss method (let us note that both methods have the m/m Padé aproximant as linear stability function whose denominator is det(I −zA)). Even though the matrix A is singular, the process for this method follows a similar approach in which instead of the matrix A, its submatrixĀ obtained by removing the first row and column is used (see comments in section 3.3). Now, by putting R
Let us focus first on the computational effort to factorize the two complex matrices (α j + iβ j )I − hJ, j = 1, 2. We will only consider floating point sums, products and divisions and we will assume that all of them have equivalent computational cost. Moreover, we will not consider the effect that complex arithmetic has on the error propagation (for a recent study of errors and floating point arithmetic see for example [13] ), and we will not consider the cost of evaluating the Jacobian matrix J and the derivative function f .
Taking into account that a complex multiplication consists of 4 real multiplications and 2 real sums, a complex sum consists of 2 real sums and a complex division consists of 8 real products or divisions and 3 real sums, the total work for the two LU factorizations will be about 16m Let us study now the number of operations involved in each iteration step. First, to solve the two complex systems (2.9) of dimension m with the matrix previously factorized, since each system require to be solved m divisions, m(m − 1) products and m(m − 1) sums, the total number of floating point operations (flops) will be 16m
On the other hand, at each iteration step, the residual R (ν) in (2.8) must be computed which, since the matrix Q is a 4 × 4 full matrix, requires 76m real operations. Then, in total, each iteration step needs 16m The final computational cost will be affected by each part of the calculations in a different way depending on the dimension m of the differential system and the number of iterations needed to get convergence in the iterative scheme. Thus, if m is large, the cost of the LU factorizations will be the dominant term due to the m 3 factor. Assuming for example an average number of iterations per integration step of 4 and a value of m = 100, the average number of operations involved in the iterations (per integration step) will be 4(16×100 2 + 86×100) = 674400, approximately 1/8 of the cost of the two LU factorizations. On the other hand, if we compare the influence of the evaluation of the residual and the solution of the triangular systems at each iteration step, for m = 100, the cost of the evaluation of the residual is 7600, which is negligible compared with the cost of the LU factorizations, and about 1/21 of the cost of the system solution 160600. For a value of m = 10, the cost of the LU factorizations will be about 5550 flops, the cost of the systems solutions is 1660 and the cost of the evaluation of the residual 760. Assuming 4 iterations per integration step, both factors (the LU factorizations and the iteration cost) have a similar influence in the total cost of the method. Finally, for very small values of m, it is clear that the computational cost will be affected mainly by the calculations in the iterations.
In Table 1 we present the number of floating point operations required at each iteration step by Simplified Newton schemes applied to the 3, 4, 5 and 6 implicit stage Runge-Kutta methods.
Let us now consider a Single-Newton scheme (1.5) with B = (I − L)S −1 . It is clear that each LU matrix factorization will require a number of operations of the order 2m 
, the Single-Newton scheme can be rewritten in the form
, ν = 0, 1, . . . (2.10) which is more interesting in practice because we avoid a product by the matrix S −1 ⊗ I, that is, s(s − 1)m flops per iteration can be saved (as we will see later, for the RK methods of interest the matrix S can be chosen upper triangular with "1" on the main diagonal).
¿From the equations (2.10) it follows that the number of floating point operations required at each iteration step by Single-Newton schemes applied to an implicit Runge-Kutta method of s stages is given by 2sm Table 1 . We see that for the same number of stages, the cost per iteration step for Single-Newton is smaller than for Simplified Newton. Moreover, for large values of m the ratio of the cost approximates to 2 for s = 4, 6 and to 5/3, 9/5 and 13/7 for s = 3, 5 and 7 respectively. Nevertheless, a realistic comparison of the cost of the schemes depends also on the number of iterations that each scheme requires to get convergence.
The above considerations show that for problems with large dimensions, SingleNewton is expected to be more efficient than Simplified Newton if problems of convergence are not severe. For middle size problems, Single-Newton schemes may be more efficient if the number of iterations used is not much too large with respect to Simplified Newton. Finally, for small values of m, the efficiency of the schemes will depend on the number of iterations needed for convergence. , for the four stages Gauss and Radau IIA methods and also for the five stages Lobatto IIIA. Thus, we will look for matrices S, L (lower triangular) and the parameter τ such that the resulting scheme is as efficient as possible.
When a Single-Newton is applied to the scalar linear test equation y = λy, the iteration errors satisfy
where z = hλ and the amplifying matrix M (z) is given by
In accordance with the ideas given in [9] , we want to find a matrix T such that:
the "distance" between A and T is as small as possible.
Condition (P1) is required if matrix T must satisfy the relation expressed in (3.12) . Condition (P3) guarantees that the amplifying functions of the iterations approximate to the amplifying function of the Runge-Kutta method and they are equal when z → ∞ (see th. 2.1 in [9] ). Conditions (P2) and (P4) are self-explanatory. The details of condition (P5) are made more precise later in this section.
In order to transform conditions (P1) and (P2) to a more useful form to obtain the matrix T , we will give first the following Lemmas (we will assume in the following that A and T are 4 × 4 matrices, A being nonsingular):
Lemma 2 The matrix T fulfills (P1) if and only if
The proof of this lemma follows at once from (3.12). (1/4) and det(A − T ) = 0.
Lemma 3 If A and T satisfy (P1) and (P2), then
A), (P2) implies that det (T − A) = 0. Moreover, by using (P2) and the Schur's Decomposition of M (∞), it follows that there exists a orthogonal matrix U such that
being ∆ a strictly upper triangular matrix. From here, taking determinants and using (P1), det(A) = τ 
PROOF. First, since det(A − T ) = 0, then det(M (z)) = 0 and at least one of the eigenvalues of M (z) vanishes.
, after some calculations we obtain
).
Corollary 5 If T satisfies (P1), then condition (P2) is equivalent to
PROOF. By making z → ∞, the eigenvalue equation for M (∞) becomes,
det(T − A). Now from the previous lemma,
A) = 4, and
and tr(A
The next result allows us to express the condition (P4) in a more adequate form. respectively we get,
), (z → ∞). Now, by using lemma 4 and corollary 5, it follows after some calculations, that the coefficients of the eigenvalue equation (3.13) are given by, 4 , 
Now, if we consider the function of three variables
since g is a nonnegative continuous function on IR For the Runge-Kutta methods of interest, the uniqueness of the constants Γ * j as well as the calculation of such constants has been carried out by using the Schur-Cohn criterion [15] (after an adequate change of variable) and the process is quite long and complicated. For the sake of brevity we will omit here such calculations and we refer to [16] for a detailed study. In Table 2 we present the values obtained for the constants Γ * j when considering the eighth order Gauss and Lobatto IIIA methods and the seventh order Radau IIA formula. In the table are also included the values
for each of the three methods.
After the above results, and taking into account that (P3) implies that det(A− T ) = 0, conditions (P1) to (P5) are equivalent to
(Q11) the "distance" between A and T is as small as possible.
We have to determine the 16 coefficients of the matrix T satisfying the 13 equations in conditions (Q1) to (Q10). It can be seen that there are three free parameters that must be used to fulfil condition (Q11). To this end, we have considered as "distance" the quantity
where · F is the Fröbenius norm and ν i are weights that must be chosen so that the resultant scheme gives the best results for the stiff differential problems of the well known package DETEST [8] , having at the same time good stability properties.
Due to the number of equations and parameters involved in the process, to accomplish this task we have proceeded numerically as follows:
• First, we obtain an initial matrix T 0 satisfying conditions (Q1) to (Q10).
• Then, we fix several sets of values ν 1 , ν 2 and ν 3 .
• For each set of values ν i , starting from T 0 , we obtain a matrix T that minimizes D AT and fulfills the conditions (Q1) to (Q10).
• Among all matrices T obtained, we select one such that the corresponding iteration (1.7) has good stability properties and gives the best results on the stiff problems of DETEST package [8] .
Eighth-order Gauss.
For this method, we have obtained the best Single-Newton scheme for ν 1 = 1, 
that transforms T to triangular form. With these matrices T and S, the matrix
The matrices L and S together with
give the parameters of the Single-Newton scheme.
Seventh-order Radau IIA
In this case, the best Single-Newton scheme was obtained for ν 1 = ν 2 = 1 and ν 3 = 100, giving the values
The corresponding matrices T = (t ij ), S and L are given by: 
determine the Single-Newton scheme.
Eight-order Lobatto IIIA
In the case of the Lobatto IIIA method, the first row of the coefficient matrix A vanishes. Then, denoting
Thus, the system (1.2) reduces to a system of 4m equations that can be studied as in the previous cases, but taking the submatrixĀ instead of the matrix A.
This time, the best Single-Newton scheme was obtained for ν 1 = 1, and ν 2 = ν 3 = 0, for which
The matrix T = (t ij ) for this method is 
The Single-Newton scheme is determined by the matrices L and S and by τ = (det(Ā))
= 0.1561969968460128.
Numerical experiments
In this section we present the results of some numerical experiments to show the behaviour of Single-Newton and Simplified-Newton schemes when they are used to solve the stage equations of Radau IIA methods of orders 5 and 7.
In order to compare the performance of the algorithms, we have implemented the following four variable stepsize codes:
• R5SN based on Radau IIA of order 5 + Single-Newton • R5CSN based on Radau IIA of order 5 + Simplified-Newton • R7SN based on Radau IIA of order 7 + Single-Newton • R7CSN based on Radau IIA of order 7 + Simplified-Newton These implementations, not intended to compete with standard codes, estimate the local error by the classical Richardson extrapolation technique. The stepsize changing policy has been based on the usual formula
after two accepted steps of length h n , but halving the stepsize when the local error estimate Est is bigger than the prescribed tolerance Tol (in order to save some calculations already done). In the above formula, p denotes the classical order of the Runge-Kutta considered and θ n , is a parameter that ranges the interval [0.6, 0.9], being typically 0.9 if there is not many step rejections (by convergence problems of the iteration or by the local error estimator) in the integration process.
To solve the implicit equations (1.2) and to advance from t n to t n+2 = t n + 2h n for n = 0, 2, 4, . . ., we proceed as follows (assuming that there are no problem of convergence for the iteration considered)
(1) We evaluate the Jacobian matrix J n = ∂f /∂y(t n , y n ) at every grid-point (n = 0, 1, . . .). (2) We apply the iteration considered (single-Newton or Simplified-Newton) to get the internal stages Y i,n (i = 1, . . . , s) of the first step t n → t n+1 = t n +h n . We use as initial guesses, Y
i,n (i = 1, . . . , s), those given by the interpolation of Lagrange of the internal stages of the preceding step Y i,n−1 (i = 1, . . . , s) and of y n−1 (for the initial step n = 0, the initial guesses are taken as y 0 ). Observe that we also need one LU factorization of a matrix of the form (I − τ h n J n ) for the single-Newton iteration, and two LU factorizations (both complex or one real and another complex) for the simplified-Newton iteration. The convergence of the iteration process is reached when
and then we take
i,n . If the convergence condition has not been attained after ten iterations or if for some r the quotient
is greater than one, we consider that there is no convergence for the stepsize taken. (3) We repeat the process in (2) for the second step, i.e. the step from t n+1 → t n+2 = t n + 2h n . Here we use the LU factorizations already done in (2), and as initial guesses, Y
i,n+1 (i = 1, . . . , s), those obtained from the Lagrange interpolation of the internal stages of the first step, Y i,n (i = 1, . . . , s) and of y n . (4) We calculate a local error estimator by doing a new step from t n to t n+2 = t n + 2h n , by using this time as step-size h * n = 2h n . Now, new LU factorizations of matrices of the form (I − τ h * n J n+1 ) are needed. The initial guesses for the double step, are calculated from the previous ones,
s), by doing the Lagrange polynomial interpolation.
If there is not convergence of the iteration considered at some of the steps (2), (3) or (4) above, we restart the process again at step (2), but halving the step h n in order to save some previous calculations.
Note that this code evaluates the Jacobian matrix at each gridpoint and does one LU factorization at each step. A tuning of the code reusing the Jacobian matrix and/or the LU factorized matrix when it is possible, such as is done in EPISODE or RADAU5 for example, could improve its efficiency. However, in order to test the performance of the iterative schemes, since the four codes work in the same conditions, the adopted simple strategy can be enough.
Here we present the results obtained with the following three problems taken from the related literature and chosen to have three different dimensions:
• The van der Pol oscillator (see e. g. [11] pp. 144), of dimension 2, integrated from 0 to 20.
• The Ring Modulator (see the CWI testset [14] ) that has dimension 15.
• The CUSP problem (see e. g. [11] pp. 147), taking N = 32 so that the problem has dimension 96.
The computations have been carried out in a Pentium pro based computer with Linux as operating system.
The CPU time (measured in seconds) taken by the four integrators together with the logarithm of the endpoint global error GE is displayed in figures 4 to 4. In order to get a better understanding of the behaviour of the codes we give in Tables 3 to 5 , for some error tolerances, the total number of iterations (NIT) required by the codes in the integration as well as the total number of LU factorizations (NLU), successful steps (NACC), the number of steps on which convergence of the iterative scheme is not achieved (NRIT) and the number of steps on which the local error test was not satisfied (NREST). Note that for R5SNC half of the LU factorizations correspond to m × m complex matrices while for R7SNC all of the LU factorizations correspond to m × m complex matrices.
In general, Single-Newton schemes employ more iterations to converge than Simplified-Newton schemes and codes using Single-Newton iterations integrate the problems with a few more steps than codes using Simplified-Newton, due to the fact that with these last schemes there are fewer steps in which the convergence of the iterative scheme is not achieved. On the other hand, seventh order method integrates the problems with fewer steps but with more iterations per step than the fifth order method (assuming that both use the same kind of iterative scheme). Now we will comment briefly the behaviour of the codes with each one of the three problems. First, since the van der Pol is a two-dimensional problem, the computational cost is mainly affected by the cost of the iterations. As can be seen in figure 4 and in Table 3 , even though Single-Newton schemes converge with more iterations than Simplified-Newton, since the cost of each iteration is more expensive in this last case, Single-Newton iterations are more efficient than simplified-Newton ones for this problem. In general with low dimensional problems we have not found great differences in efficiency between both classes of schemes. Concerning the behaviour of the methods of order 5 and 7, as expected the higher order method is more efficient for low tolerances while the method of order 5 is preferable for large tolerances. With the Ring Modulator problem, that has dimension m = 15, both the LU factorizations and the iterations contribute in a similar way in the final computational cost. In this problem, even though the total number of iterations given by the methods using Single-Newton iteration is considerably greater than for methods using Simplified-Newton schemes, the cost of the LU factorizations makes them less efficient when Simplified-Newton iteration is implemented.
We must notice at this point that in some computers such as those based on 64 bits DEC alpha processors, the Fortran compiler is able to optimize the complex operations in a particularly efficient way, improving therefore the performance of the methods using Simplified-Newton iteration. In figure 4 we present the efficiency plot obtained for the Ring Modulator problem in a DEC alpha 3000/500. As it can be seen, the method of order 7 using simplifiedNewton (that has to factorize and solve two 15 × 15 complex systems) is now more efficient than the same method using single-Newton iteration.
With respect to the order, in the plot we can see that seventh order codes are more efficient than fifth order ones for all the values of the tolerances. This can be explained if we take into account that the seventh order method gives fewer steps and consequently it requires a smaller number of LU factorizations than fifth order method, and this compensates the greater number of iterations in the case of the method of order 7.
Finally, let us comment on the results obtained in integrating the CUSP problem. Since it has dimension m = 96, the computational cost is in practice determined by the LU factorizations. As it can be seen in figure 4 , singleNewton schemes are clearly more efficient than simplified-Newton (even in 64 bits processors). Moreover, taking into account that single-Newton require at each step the LU factorization of an m × m matrix independently of the number of stages of the method, the seventh order method will be more efficient because it gives fewer steps than the fifth order method. On the contrary, in the case of simplified Newton iteration, the computational cost involved in the LU factorizations is not the same for the methods of order 5 and order 7. Thus, for this problem only for very low tolerances the four stage formula is more efficient than the 3 stage one.
In conclusion, Single-Newton schemes are a reliable and practical alternative to Simplified Newton iterations particularly for high dimensional problems. Moreover, this class of iterative schemes are very suitable for the solution of the stage equations of Runge-Kutta methods of high order, in particular when high precision is required or well the problem to be solved has high dimension. 
